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In furthering the results obtained earlier in [1, 2] general stability theorems
using sign~constant Liapunov functions are established for neutral nonlinear
systems with a deviating argument, Concepts connected with the stability of
auxiliary difference inequalities play on essential role, The application of
Liapunov's methods to the study of the stability of systems of neutral equations
[5] has been examined in a number of papers [1 — 4]. A method for studying
the stability of neutral systems by using only sign-constant but not sign-definite
Liapunov functionals was proposed in [1]. This method was used in [2] to ob-
{ain stability conditions for first-order neutral nonlinear equations. An analog-
ous method was used in [4] to investigate the stability of solutions of neutral
equations with a linear neutral part,

1, Let R™ denote an n-dimensional Euclidean space with norm |-|. By C [a,
b] we denote the space of functions z (s) continuous on [a, d], z: R'— R"
with the norm

llz ()] = max |z (s)|

a<e<

Let h >0 be some fixed numberand z () & C [— &, Tl. By z, we denote an
element of space C [— h, 0] of the form

=0 =z(t+0), —h<0L0,t=]0,7T]
By Sg we denote a sphere in space C [—£, 0]
Sg={zx®) CIl[—h0l|z@®)<<H}
Let F(t z), F:I0, ©) X Sg— R
Gt z), G: 10, 0) X Sg— R"
be two prescribed continuous mappings, where for some H > 0
F @ z)< M tel, x),z(0) s Sy (1.1

We consider the following initial problem for the neutral functional-differential
equation

didt [z (t) — G (t, z)] = F (¢, z,), 2, (8) = ¢ (0) (1.2

For any function ¢ (0) = C [— h, 0] wecall z (¢) = x (f, ¢) a solution of
problem (1. 2) on the interval [0, al], a >0, if » (t) e Cl{—h,al, z, (9) =
¢ (0) and the function

Z (tv zt) =z (t) -G (t1 xl)
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has a continuous derivative satisfying Eq, (1.2) for each ¢ < [0, al. Everywhere
below we assume that the solution of problem (1, 2) exists and is unique. To ensure
this we need to impose some further requirements on G (¢, ;) and F (¢, x;), in addit-
ion to the conditions already stated, For example, it is sufficient to assume that G (¢,
@) satisfies a local Lipschitz condition with a constant less than one for all functions
¢(8) and ¢ () suchthat 9 () =¥ (s), — << s —e < 0,forsome &>>0 and
that F (t, @) satisfies a Lipschitz condition in sphere Sy. The exact statement of
the existence an uniqueness theorem for problem {1. 2) can be found in [6].
Let G (£, 0) = 0 and F (¢, 0) = 0. Then Eq, (1.2) has a trivial solution co-
rresponding to the initial function ¢ (8) = 0.
Definition 1, The trivial solution of problem (1, 2) is:
a) stable if forany & >0 wecanfind § (8) >> 0 such that |z (¢, ) | <C
e when t >0, ifonly || @ (8)| <& (e);
b) asymptotically stable if it is stable and, in addition,
limz{, ¢) =0
f—ro0
forall @ (8) &= Q — C [—h, 0]. The domain Q is called the domain of attraction
of the trivial solution,
In what follows a large role is played by concepts connected with the stability of

difference inequalities, Consider the difference inequality
1ZGy) =1y =Gty <T@, yo=9 (1.3

Here f (%) is a nonnegative continuous scalar function and ¢ (6) & C [—h, 0]. By
y (t, @) we denote the solution of difference inequality (1, 3) with initial condition
Yo = ¢ . Remember that G (¢, 0)==0,

Definition 2. The trivial solution ¥ (£} == 0 of difference inequality
(1.3) is:

a) f -stable if for any ¢ >> 0 we can find 8 (¢) > 0 such that |y (¢, 9) |
s & forall > 0 under all initial conditions and right hand sides such that

Lo ©) 11 < 6 (o), sup F(@) <8 (e) (1.4)

b) asymptotically f-stable if itis f-stable and, in addition,
limy (¢, ¢) =0 (1.5)

{-sc0
for all ¢ &= Q  C [—h, O] and for every right hand side f (£} such that F@ -

0 as t— o0}
¢) f-bounded if a bounded solution y (¢, ¢) corresponds to each bounded funct-
ion f (2).
LetV (Z (t, z,), x,, t) be some functional, defined and continuous in all argu-
ments for all z, & Sy and ¢ & [0, 00), such that its derivative relative to Eq.
(1. 2) exists, We denote it
v dV(Z(, 2, 2, 1)

dt dt

Since the derivative dZ (t, z,)/dt exists, while the derivative dz/df may not exist,
the requirement that the derivative dV/ d¢ exist imposes definite constraints on the dep-
endency of V on Z. By @; (1), @;: R'— R, we denote certain continuous
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nondecreasing functions such that
0; (0)=0; o;® >0 u>0

Theorem 1, Leta functional V (Z (¢, z;), x;, ) satisfying the requirem-
ents stated above exist and be such that

D oo (1ZGz) ) TVEZE )zt <o (lz @)

2 gv/dt<0

3) the trivial solution of difference inequality (1,3) is f-stable. Then the triv-
ial solution of Eq, (1. 2) is stable,

Proof. We take an ambitrary & 0 <& < H. By virtue of the f -stability
of inequality (1.3), for this & we can find §; > O such that every solution of the in-
equality

(1.6)

Z@tz) =12 —G@Ez) <O, 2=0

will satisfy the relation
lz(t o) |<Ce, t2>0
under the conditions that f () < 8;, £ >0, || ¢ (6) || < ;. We now take 8, 0
<8, < 81, such that , (8;) = o, (§,). Then when || @ (6)[| < 8, , by virtue
of conditions 1) and 2) we have
o, (1Z (¢ z) )<V z) 2 t) <
V(Z (0, 9), ¢, 0) < o, (8,) = @y (8)

Hence, because of the monotonicity of function w; (&) it follows that

[Z (¢, z) | =1() <
Allowing for the f -stability of the difference inequality, we get that lz (@, 9) | <
g, t>0, forall @ (0) such that || @ (8) ] << 8; < 8;. The theorem is proved.

Theorem 2 Letafunctional V (Z (¢, z,), z,, t) satisfying the hypotheses

of Theorem 1 exist and be such that

av (Z (t’ zt)’ Ty, t) / di < —®3 (I Z (t, xt) l ) (1.7
Let the trivial solution of difference inequality (1, 3) be asymptotically f-stable. Then
the trivial solution of Eq. (1. 2) is asymptotically stable.

Proof, By virtue of Theorem 1 the trivial solution of Eq. (1.2) is stable. Hence
we can find § such that z (£, ¢) & S, t > 0, when ¢ () = S, . Let us show
that then

|Z (t, z) | >0, t—>o0 (1.8)
Let this not be so, Then there would exist a mumber v, 0 <<y <<H, and a sequence
of points {; — oo such that
|Z (th xti) l > Y

by Eq, (1.2) and condition (1, 1) we have

|dZ (¢, z)/dt | = |F(t,z) I< M
when ¢ & S5 . Hence,
1Z (x, zg) | > v/ 2
for t=[t; —y M), ¢; + v 2M)]. We denote the number of points ¢; &
[0, ¢] by n (t) . Then because of (1,7) we have
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t

V(& 5, 2 )~V (20, 9), 9,00 = { G- ds <

0
i
_Sm(w(s, 2 ds < — 2 0s (L) n()—> — 00, 1200
0

This, however, contradicts the fact that the difference V (Z (¢, z,), ;. 8) — V (Z
©, ¢), 9, 0) is bounded by virtue of condition 1). Hence, we aave proved tnat
relation (1.8) is valid when @ (8) & S;. From this, by virtue of the asymptotic f -
stability of inequality (1. 3), follows the asymptotic stability of the trivial solution of
Eq. (1.2). Theorem 2 is proved.

As a corollary of Theorem 2 we establish the following statement.  Consider the
ordinary differential equation

W) =F(tz) z() =20 ty>0 (1.9

Here F: [0, 00) X R™ - R™ is a functions continuous in all its arguments, satisfy-
ing a local Lipschitz condition in the second argument; F (¢, 0) = 0. Together wiln
Eq. (1.9) consider the neutral functional-differential equation
dZ (t,z)/ dt = F (. Z (£, z)), % =9 (1.19)
Z@ x)=2z()—G(t x)
where G (, z,) satisfies the conditions stated above.

Theorem 3. Letthe trivial solution of Eq. (1. 9) be uniformly asymptotically
stable with respect to the initial instant ¢; and the initial coordinate &,. Furtaer,
let the trivial solution of difference ineguality (1, 3) be asymptotically f-stable. Then
the trivial solution of Eq. (1. 10) is asymptotically stable,

Proof. By virtue of the inversion theorem [7], for Eq. (1.9) there exists a con-
tinuously differentiable Liapunov function W (¢, x) such that

o1 (12 )< Wt o) < wyllzl)
n d.
=+ YT <~z

i=1

We now consider the functional W (¢, Z (t, z,)). It is easy to see that

0y (‘ Z (t? xt) l) < W (t’ Z (t, xt)) < Wy (l Z (ts JE,) l) \<\
0y (ﬁ ; ﬂ)

- dz;
D 1—3—%—;{-< —as(|Z (8 2))
E Xy
when z, & Sy . Therefore, functional W (¢, Z (£, z,)) satisfies all the hypotheses
of Theorem 2, Allowing for the assumed asymptotic  f -stability of tue trivial solut-
ion of difference inequality (1.3), we get that the trivial solution of the neutral Eq.
(1.10) is asymptotically stable. Theorem 3 is proved.
Theorem 4, Letthe mapping G (¢, x;) satisfy the Lipschitz condition

1G(tz) G y) I <allr —yl 0<a<i (11D

aw
dt
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Ve, yjp e 8g, 0tE<<®
Let a function V (Z (¢, zy), z;, t) exist, satisfying condition 1) of Theorem 1 and

such that
dv/dt < — o5 (12 () |) (1. 19

Then the trivial solution of Eq. (1. 2) is asymptotically stable.
Pr o of. By virtue of Theorem 1 and Lemma 1, proved below, the trivial solution
of Eq. (1.2) is stable. Therefore, z (¢, ¢) & Sy for @ (8) & Ss. Let us show tnat
z (t) > 0 as t— oo and thus prove the asymptotic stability. Assume the contrary.
Then a number y >> 0 and a sequence of points ?; exist such that |z @) 1 > 9
From Eq. (1.2) follows

i
()= G(t, )+ { F 5, ) ds

Here we assume that z (s) = @ () when s<C 0. Then, allowing for(1.11), for
A >0 wehave

[z +A)—z ()] =[G+ A, zea) — G(t, 7)) + (1.13)
t+A
[ P, 2| <allzns— ol + MA
t
We denote
p (n) = sup sup lz@+A) —=z(@) |

et A
From (1. 13) follows
oM <ap M) +amax max [z(0+ A) —¢ () | + My
n>A —h<O<0
Hence

p(M< T

max max |[z(0+A)—o@®)|+ —¢
—h<O<0

The right-hand side of this inequality tends to zero as 1 —> 0 because the function
z () is uniformly continuous on the closed interval [—h, n] . Hence we can find
>0 suchthat p (M) <<V/2. In this connection, [z (v) [ > y/ 2for TE
[t; — M, t; -+ %] uniformly over all i . Just as in Theorem 2 a contradiction follows
at once from this, Theorem 4 is proved,

Concrete stability conditions in terms of the coefficients of first-order scalar equat-
ions with distributed and unbounded deviating arguments, which may be looked upon
as an immediate corollary of Theorem 3, were obtained in [3].

2, Letus now consider the question of stability in-the-large of the trivial solution
of Eq. (1.2). We shall take it that the mappings F (¢, z;) and G (¢, ;) are defined
and continuous on the whole space |0, o) X C [— h, Ol. In addition, let | F (¢,
z) | < Mg forall H >0, 2z, & Sgand ¢t > 0. We assume as well that the hypo-
theses of the existence and uniqueness theorem are fulfilled for an arbitrary sphere Sg.

Definition 3, The trivial solution of Eq. (1.2) is asymptotically stable in-
the-large if it is stable and the equality

lim jz(, ¢)| =0 (2.1
t—co
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is valid for any initial function ¢ (0) .

Theorem 5, Leta functional V (Z (¢, x)), z,, ) exist, defined and contin-
uous on the whole space [0, 00) X € [— £, 0] and satisfying all the hypotheses of
Theorem 2 or 4 on the whole space, In addition, let

Wy (8) > 00, u— o (2.2

and let the trivial solution of difference inequality (1.83) be f-bounded. Then the
trivial solution of Eq. (1.2) is asymptotically stable in-the-large,

Proof, The trivial solution of Eq, {1, 2) is obviously stable, Let us prove that
the second condition in Definition 3 is fulfilled. To do this we show first of all that
any solution z (t, @) is bounded. Let || @ (8) || = K. By virtue of (2.2) we can find
R > K > 0 such that

01 (R) = 0, (K), o () > 0, (K) for >R

In this connection,
1Z(t 2 (t+6,¢) [ <R t>0 (2.9

In the contrary case, i.e., when s > 0 existssuch that | Z (s, 2,) | > R, there
would hold the opposite relation

0 (K) = 0, (R) < o1 (| Z(s,2) |) SV Z (5, 2y 2 8) <<
V(Z©, 9), 9, 0) < 0, (K)
Hence, inequality (2. 3) has been established, By the assumption of the f-bounded-
ness of the solutions of inequality (2.3) we get that we can find ¢ > 0 such that

lztoI<g t>0

All the hypotheses of Theorem 2 or 4 are fulfilled in sphere S, : therefore, relation
(2.1) is valid. Theorem 5 is established,

8. Letus set up certain sufficient tests for the f -stability of the trivial solution
of difference inequality (1. 3).
Lemma 1. Letmapping G (¢, y;) satisfy Lipschitz condition (1.11), Then
the trivial solution of inequality (1.3) is { -stable and f-bounded,
Proof, From inequality (1,3) follows
Ly DI<IG® | +HTO<aly:®f+70

We denote
m (t) = | sup |y ) D
gasct

Th btai
en we obtain m(t)gam(t)-i‘““‘?(e)“*“gi“faﬂa

Hence it follows that
m (1) <

a
i1—a

(3.1

1
le@+17—5 o“‘<“§’<¢f Q)

Inequality (3. 1) signifies that the trivial solution of(1.3) is f-stable and f -bounded.
Lemma 2, Let

G (¢, yt) =gy (¢ — h))

where g is a function from R' X R™ into R™ and %2> 0 is some number. Then,



Stability of neutral systems 233

if
then the trivial solution of inequality
ly@® —g @ty —n) <0 (3.3)

is asymptotically f-stable,
Proof, From(3.2) and(3.3) follows
ly+nISle@ s +He+HRN<SYIvEI+76E+A (3.4
for — h<s<< 0, Analogously, we obtain
lyG+n) [<vlob+—1) BHl+ic+E—D<TIVE T
fe+t—0R +yf+R—2 B4... .+ f+H
By virtue of the [ -stability of the trivial solution of (3, 3) we can obviously find an

N such that
Y lyE) | <el for n>N (3.5

Further, since f(#) is a bounded function tending to zero, a number m exists such
that e ™ g
fs+r)<—5(1—7), z-:‘gr?;;if(t)<~g—

when n 2 m , But then for n 2> 2m we have

fednh) .o+ s Hh)=f(s+nb)+v s+ (a—Dk)+ (3.6

coe VT (s mB) 4 S (s (= ) B)

+ 9" f (s + B)lmaxf () <
=0
e ™ 2
'(—1-:7)—3(1~v)+z:;r;1§f(t)<—3—e
Inequalities (3, 5) and (3, 6) are simultaneously fulfilled when a > max {VN, 2m},i. e.,
ly(s-nh)i<<e, —h<s0

Hence, [ynn(8))<e.
In order to state Lemma 3 we present certain concepts from the theory of almost-
periodic functions [8]. The spectrum of an almost-periodic function @ (£) is the set

Ag) = (A= R: M [eMg ()] + 0}

T
My] = lim 7\ p ()t

0
The set K
Mod (9) = { S mhi, s A(g), my are integers, K is a positive integer}
i=1

is called the modulus of the almost-periodic function,
Lemma 3, Let
GUy)=g@tyt—h), gRXR >R, 1A>0
le@y@—m)I<Yy@lyt—n1 v@©>O0.
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Let the function + (2) either be almost-periodic and satisfy the conditions
V(:heMod(y), A=0) [hA £ 0 (mod 2m)]
M(Invy(#) <0

orbe @-periodic, & be incommensurable with @ and the inequality

{my@ya<o

be valid, Then the trivial solution of inequality (3. 3) is asymptotically f ~stable and
f -bounded.
Proof, Consider the operator

AN B =y®yt—h

As was shown in [9], when the hypotheses of Lemma 3 are fulfilled the spectra radius
r(4) of operator A is less than unity

r(4) = lim (AP <1
n—o0
Hence, for a sufficiently large i
=A<t
But then

fu G+ I<yE+MIyc+E—DR) |+ +h)=
Ay) 6+m+fEc+IN<. . <A+ 4+ fls+1h)+
(Af) s+ 1) + (A s+ 1) + ...+ A s+ ) =
Ay s+ )+ Fi s+ IR <yly )|+ Fuls+1h)

Here we have set
Fy(s - th) = f (s + 1h) 4+ (AN (s + IB) + . .. 4+ (A7) (s + 1)

where it is evident that F,(t), just as f (t), is a bounded function tending to zero as
t — ooy Denoting Ih == h;, we obtain the inequality
lp 4+ IS<Tlyr® I+ FHRe+h), 0<n<t
completely analogous to inequality (3.4). If now we repeat the end part of the
proof of Lemmas 1 and 2, we obtain the assertion of Lemma 3,
Suppose now that mapping G (¢, y,) does not depend upon the values of function
y; (0) when 8 = {t — A, t]l. Here A, 0 << A<Ch is a prescribed number, We
note that in this case we apply the step method for solving difference inequality (1, 3},
Lemma 4. Let G{f. y;) be independent of the values of y, (8), 8 &= [t —
A, t] , and satisfy Lipschitz condition (1. 11). Further, let
a4+ a?f ...t aN=9y,<1
Here N is the smallest positive integer such that NA > h. Then the trivial solution
of inequality (1, 3) is asymptotically f -stable,
Proof. From relations (1,3) and (1. 11) follows the bound
X t
oxgaisy (0 lgoljl%?éj}f‘l(t, wl+rm<ale (G}H—gg@ F8)
Further,

. () <
iz fOlse @rlvoltieOb s ggloser

(9
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o) e ®) )+ 022\ f(t)+ogangf(t)

Analogously we have
max |y ()| =la@®I<@+a+...+a™) @@+ Fa(h) (3.8
oSiSh
Fy ()= max f(8)+a max f(s)+...+
t-h<e< t-h+A et

o max I (s)

=R+ (N-1)ACs<t

The function F, (£), just as f(¢), is bounded and tends to zero as t — oo, We note
that inequality (3, 8) is similar to inequality (3.4). We can now convince ourselves of
the validity of Lemma 4's assertion by repeating the end part of the proof of Lemma
2,
Note. Condition(3,7), occurring in the statement of Lemma 4, is fulfilled, for
example, if a <1/,
4, Examples,
1°, Consider the equation
@) Fex(t—h)+g@x@)tez(t—h)=0, R>0 (4.1
Under the conditions that
ug (W) >0, uz0,|c}<L
the trivial solution of (4. 1) will be stable. We write (4, 1) as
Z(t,z)=12z(t)fcx(t—h)
Z=a,0 =—g(2)

and we consider the functional
z
2
V(Z(t, =), 0)=—5"+ jg(u)du (4.2)
0

The derivative of functional (4. 2) on the solutions of Eq. (4. 1) equals dV/dt = wo +
Zg (Z) = 0, By virtue of Theorem 1 and Lemma 1, all of whose hypotheses are
fulfilled, the trivial solution of Eq, (4, 1) is stable
2°, Consider the equations
(W) + @) @) +f=)=0 (4.3)
Z°@ )+ @ (Z(2) 27, 2t) +(Z (2, z1) (4.9
Z(t, z) ==z (t) -+ Yyexp (sint)z (t —1)

Under the conditions that
zf @) >0, x50, 9p(x)>0

the trivial solution of Eq. (4.3) is uniformly asymptotically stable [10]. By virtue of
Theorem 3 and Lemma 3 the trivial solution of Eq. (4.4) too is asymptotically stable.
Moreover if

x
j'f(s)ds-aoo, |z|— oo
o
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then the trivial solution of (4. 4) is asymptotically stable in-the-large.
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